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Abstract. There are two purposes of the present article. One is to correct 
an error in the proof of Theorem 6.1.25 in |FOOOl] . from which Theorem J 
|F0001| follows. In the course of doing so, we also obtain a new lower bound 
of the displacement energy of polydisks in general dimension. The results of 
the present article are motivated by the recent preprint of Hind [H] where 
the 4 dimensional case is studied. Our proof is different from Hind's even in 
the 4 dimensional case and provides stronger result, and relies on the study 
of torsion thresholds of Floor cohomology of Lagrangian torus fiber in simple 
toric manifolds associated to the polydisks. 
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1. Introduction 

In [FOOOlj . we stated a lower bound of the displacement energy of relatively 
spin Lagrangian submanifold L with a bounding cochain b in terms of torsion 
exponents of Floer cohomology HF{{L, b), {L,b); Ao^nov)- This is Theorem J in 
jFOOOlj . which is a consequence of Theorem 6.1.25 in the book. See Theorem 
16.11 and Theorem 16.21 of this paper for the precise statement in a general setting. 
However, the proof of Theorem 6.1.25 contains an error. One of the purposes of 
the present paper is to correct this error. There are two key ingredients in this 
correction of the error, which are interrelated to each other: one is the usage of an 
optimal Floer chain map introduced in the present paper, and an energy estimate of 
the type which was first introduced by Chekanov jChej and clarified by the second 
named author in |0h3| . 

Another purpose is to employ Theorem J |F000l] and obtain an estimate of 
the lower bound of the displacement energy of polydisks in cylinder which provides 
a higher dimensional generalization of a recent result of Hind [H] as well as an 
improvement of Hind's result. 

Before we achieve the two purposes above, we prove the following non-displacement 
theorem to illustrate a geometric consequence of Theorem J |F000l| in a simple 
example. We denote by S the Gromov width of any domain of our interest. For 
example, the ball B^'' C C*^ of radius r > has Gromov width 

S = 7rr^. 

Let S^{S) C C be a circle of radius r = Vn^^S, i.e., S = nr^ . We also consider 
C "S*^ ( 1 ) the equator in the sphere of area 1 . 

Theorem 1.1. We put X = C x S^{1). Suppose S > 1/2. Consider any time- 
dependent Hamiltonian H : [0, 1] x X — > M with its Hofer norm \\H\\ < S. Then 
we have 

for its time-one map ijjn (f>H- 

The proof of this theorem is 'elementary' in that it uses only the Lagrangian 
Floer theory for monotone Lagrangian submanifolds jOhlj and by now standard 
computations for the energy estimates used as in |Che| . |0h3j . but does not use 
any techniques of virtual fundamental chains, Bott-Morse theory or any higher 
homological algebra. 

In fact, this theorem is a corollary of Theorem J jFOOOl] whose precise state- 
ment we refer to Section [51 We provide this elementary proof in this particular 
case partly because it nicely illustrates Theorem J [FOOOlj when a deformation 
of Floer cohomology by a bounding cochain is not needed. (On the other hand, 
the proof of Theorem J [FOOOl] is given in a very general context in terms of the 
deformed Floer cohomology of weakly unobstructed Lagrangian submanifolds after 
bulk deformations.) 

Remark 1.2. Another motivation for us to prove this particular theorem is related 
to the upper bound in the following inequality stated in [H] : 

Q - L^J + e < e^^'^ (0(1, 5)) < | + 3 (1.1) 
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where e^'^-'^ {D{1, S)) is the displacement energy (Definition 12.11 (2)) of the bidisk 
D{1,S) in the cyhnder Zi.i = ^i,i(l + s). Here, following the notation of [Hj, we 
denote the bidisks in by 

D{a,b) = {(zi,Z2) I 7r|zip < a, 7r|z2p < 6} = D^{a) x D'\b) C 

with a < b, and also denote the cylinder in by 

Zi,i(a + £) = {izi,Z2) I 7r|zip < a + e} = ^^(a + e) x C 

for £ > small. Hind's proof of the upper bound uses an explicit construction of 
displacing Hamiltonian isotopy. However, the construction used in his proof seems 
to directly contradict to the above Theorem ll.il and also to Theorem J [F000l| . 
In fact. Theorem J |F0001| implies the following stronger lower bound 

S <e^' '{D{l,S)) (1.2) 

whenever S > 1. 

Hind [H] obtained his lower bound in (jl.ip by using some embedding obstruction 
arising from an explicit study of moduli space of proper holomorphic curves in 
S"^ X S'^ \ E where E is the image of certain symplectic embedding of ellipsoid. His 
study on this lower bound heavily relies on the compactification result in symplectic 
field theory [Ho2j , |BEHWZ] . Partly because such an explicit study of moduli space 
in high dimension is not available. Hind restricts himself to the 4 dimensional case. 
Our proof is different from Hind's and relies on the study of torsion thresholds of 
Floer cohomology of Lagrangian torus fiber and Theorem J |F000l| . 

However, although the statement of Theorem J |F000l| is correct as it is, its 
proof contains some incorrect argument at the end of the proof of Theorem 6.1.25 
in p. 392: The homomorphisms in line 9 and 11 of page 392 of |F000l] is not 
well- defined. And to give a correct proof of the same statement as stated in The- 
orem 6.1.25, hence Theorem J, we also need to improve the energy estimate given 
in Proposition 5.3.45 |F000l| and use a different construction of a Floer chain 
map. It turns out that to obtain the the optimal energy estimate needed to prove 
Theorem J in the construction of a Floer chain map, we need to use the Hamilton- 
ian perturbed Cauchy-Riemann equation with fixed Lagrangian boundary condition 
which intertwines the so called the geometric version of the Floer cohomology and 
the dynamical version of the Floer cohomology and then applying the coordinate 
change that relates the two. Similar coordinate change was used by the second 
named author previously in |0h2j for a similar purpose. Using this trick and an 
optimal energy estimate originated by Chekanov |Che| , we can prove the statement 
of Theorem 6.1.25 and hence Theorem J in |F000l] as they are currently stated. 

Another purpose of the present paper is to apply Theorem J jFOOOl] in the 
study of displacement energy of polydisks in arbitrary dimension and generalize the 
above mentioned 4 dimensional result to arbitrary dimension whose description is 
now in order. It turns out that the Lagrangian Floer theory developed in |F000l) 
and |F0002l IF0003j can be nicely applied to the various symplectic topological 
questions concerning polydisks D'^{ri) x • • • x D^{rn)- This is largely because the 
polydisks contain Lagrangian tori which can be embedded into the toric manifolds 
5^(01) X ••• X S'^(a„) or S'^{a) x CP"^^(A) for suitable choices of Oj's or (a. A). 
Here CP"^^(A) is the projective space with the Fubini-Study Kahler form oj with 
[w](C) = A for the homology class C of the complex line. With this notation, 
we have the symplectic embedding of ^^"(A) ^ CP"~i(A) such that CP""i(A) \ 
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_B^"(A) is the hypcrplane at infinity. In this way, we obtain various improvements 
and generalizations of tire theorems concerning symplcctic topology of polydisks 
proven in [HK^ , ^HJ . 

We give two high dimensional generalizations of (|1.2p . Denote by {zi, . . . , z„) 
the complex coordinates of C" = R^". We decompose 

(Zl, . . . , Zn) = (2:1,2;') 

with z' ~ (z2, • ■ • , 2„). We denote 

D(ai,a2, . . . ,a„) {(zi,...,2„) | 7r|zip < ai, . . . , 7r|z„p < a„} C C" 

where ai < 02 < • • • < a„. Hind ^ considers only the case when n = 2. We also 
denote the cylinder over the disk jzip < (ai + e)/TT by 

Zi,n-i{ai + e) = {(21, . . . , 2„) I 7r|zi|^ < ai + e} 

for £ > small. The following two theorems can be regarded as two different high 
dimensional generalizations of the lower bound in (jl.ip . 

Theorem 1.3. Let S > \ and < e < 1. Put ^i,„-i = Zi,„_i(l + e). Then we 
have 

S <e^^'"-'{D{l,S,...,S)). 

Theorem 1.4. Let S > I and < £ < 1. Let k be an integer satisfying I < k < n. 
Put Zn-k,k = ^n-fe,fe(l + e) = D'^i^ + X C*-'. Then we have 

S < e^"-'=.'=(i:)2(i)"-fe X B^^{kS)). 

This paper borrows many notations and definitions from jFOOOlj without delv- 
ing into detailed explanations thereof. Especially the notion of bulk deformations 
is used mainly to make the statement of Theorem J from [FOOOl] in this paper as 
close as possible to that of [FOOOlj . We refer to the relevant sections of |F0001| 
for more explantions thereof. However, for those who are mainly interested in the 
overall argument how the torsion threshold can be used in the study of displacement 
energy, we recommend them to directly look at Section [3l Section [7] and Section [8] 
and refer to other sections as needed. 

In March 2010, R. Hind gave a talk at MSRI workshop on Symplectic and Con- 
tact Topology and Dynamics: Puzzles and Horizons. Thanks to his talk, we took 
another look at our proof of Theorem 6.1.25 in |F000l| and found out an inac- 
curate point in the proof, which we rectify in this paper. We thank him for his 
interesting talk and discussion. 

2. Notations 

We introduce the following general definitions and notations which we will use 
in this paper. 

Let (X, Lo) be a symplectic manifold. We denote by J a time-dependent family 
of w-compatible almost complex structures J = {Jt\te[G,i\- 

Let -0 : X — >■ X be a Hamiltonian diffeomorphism and H S C°°([0, 1] x X) a 
normalized Hamiltonian with = "i/; and '^'^ = 0- We denote the Hofer 

norm (see |Hol| ) of H by 

\\H\\^ I {muxHt- mm Ht)dt. (2.1) 
Jo 
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We define the Hofer norm of by 

M = inf, m, (2.2) 

where H i-^ means that i/' = (j>\^. We also define the length of a Hamiltonian 
isotopy (j)H = Wh} 

\eng{(f>H) = \\H\\. (2.3) 

Following Weinstcin's notation jW], we denote the set of Hamiltonian deformations 
of L by 

aso(L) = {VX^) I i> e Ham{X,uj)} 
for a given Lagrangian submanifold L C {X,uj). 

Definition 2.1. (1) Let L' e 3so{L). Then we define the Hofer distance between 
L, L' by 

dist(L,L') = inf \\\H\\ I 0i.(L) = L'}. 



Or equivalently, 



dist(L,L')= inf {IIV'II I V^(i) = i'}- 



(2) Let Y C X. We define the displacement energy e^{Y) G [0,oo] by 

e^(y):= inf {Hv-H | ^(y)nF = 0}. 

■tl>eHam{X,uj) 

We put e'^(y) = oo if there exists no ip £ Hain{X,uj) with ip{Y) n F = 0. When 
no confusion can occur, we simply write e{Y) instead of e'^{Y). 

Let p{t) be a smooth function on M such that /9(t) = or 1 when |t| is sufficiently 
large. In this paper we will take p(t) as one of the following three types, either 



Jo for T < 
1 1 for T > 1 

pV(t) > (2.4) 



or p_ = 1 — or satisfying 
Pk{t) = 



I for \t\ > K 
[1 for |r| < if - 1 

p'k > on[-K,-K+l], p'k<0 on[A'-l,is:] (2.5) 



for K > 1 and pK goes down to pk=o = 0, e.g., pK = Kpi. (Sec (15.71) .) 

Ordering of the arguments in the pair {L^^\ L^^^^) varies in the notations from 
[FOOOlj for the various objects associated to the pair of Lagrangian submanifold 
{L^^\ L^^")). We mostly follow them in the present paper. Specifically, we would 
like to mention the following conventions: 

(1) (Path spaces) f7(L(o), L^^); 4)- 

(2) (Floer moduh spaces) M{L'-^\ L'^^^) 

(3) (Floer complex and homology) CF{L^^\ L^"')), HF{L^^\L^°^). 
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3. A NON-DISPLACEMENT THEOREM 

In this section, we prove Theorem 1 1.1 1 Recall that S^{S) C C is a circle of radius 
r with its area 7rr^ = S and C 5^(1) is the equator in the sphere of area 1. We 
put X = C X 5*2(1). 

Proof of Theorem Suppose to the contrary that 

MS'iS) X sl^) n {S'iS) X sl^) = (3.1) 
for a Hamiltonian H with \\H\\ < S. We denote 

c:^S- \\H\\ > 0. 

Let L(°) = S^{S) X Slg. We choose L^^^ as a small Hamiltonian perturbation of 
S^{S) X defined as follows: We move S^{S) and S^g by small isometries on C 
and 5*2(1) respectively and obtain 52(5), eq so that 

V'i/(L(°))n(L(i))=0 

where we denote L^^) := S^{S) x 5^,- 

Since the condition p.ip is an open condition, such an isometry obviously exists. 
We choose this perturbation so that 

dist(LW,L(i)) = dist(5i(5) X Slg,SUS) x 51,,,) < |. (3.2) 

We then will deduce contradiction. We remark that L*^"' n L*-^' consists of four 
transversal intersection points. We take a one-parameter family of smooth functions 
Pk on M satisfying (|2.5p . We denote by Xh the Hamiltonian vector filed of H 
defined by dH = uj{Xh, •). 

Consider any pair (p_,p-)_) of intersection points in i*-"-* H i*-^-* and the equation 

^ + j(^-pK{r)XH{u)]^0 (3.3) 



of u = m(t, i) : R X [0, 1] — > C X 52 satisfying the boundary condition 

u(t,o) e w(t, 1) e u(±oo,t) =p±e L^o) n l^^) (3.4) 

and the finite energy condition 



x[0,l] 



9 



dr 



^ - Pk{t)Xh{u) 



2 



drdt < oo. (3.5) 



Here we use the canonical complex structure J on C x 5^(1), which we do not 
perturb. Note that any solution u of (|3.3p . (|3.4p carries a natural homotopy class. 
We denote this homotopy class by B. As standard in Floor theory wc define the 
equivalence relation _B _B' if and only if 

w(Bi) = io{B2), fi{Bi) = li{B2) (3.6) 

and denote by H(p_,p+) the set of equivalence classes. Here p, denotes the Maslov 
index of the map u associated to the pairs (L^^^L^^^) of Lagrangian submanifolds 
and the asymptotic condition p±. (We refer to Section 2.2 jFOOOlj for a complete 
discussion on the homotopy class and the Novikov covering.) 

The following energy estimate will be proved in Section [S] See Proposition 15.41 
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Lemma 3.1. Let < A' < oo and u be any finite energy solution of (|3.3p . (|3.4|) 

Then 



E(j^h,pA^)< J u*iu+\\H\\. (3.7) 

We consider the parameterized moduli space 

= y {if}xX^(p_,p+;B) 

KeK>o 

where Ai^'^ {p-,p+; B) is the space of sohitions in class B to the equation p.3p 
satisfying the conditions p.4p and p.Sp for the parameter K E [0,oo). We note 
that the symplectic area /^^[o i] '^*^ invariant under the homotopy in the space 
of smooth maps with the boundary condition p.4p , which is fixed. We shall consider 
only the triples {p-,p+; B) whose associated moduli space MP°'^°'{p^,p+; B) has 
virtual dimension or 1. 

To study M{p-,p+; B) — M^^"{p~,p+; B), we also need to study the equation 

du ^du 

with the same fixed Lagrangian boundary condition but possibly with different 
asymptotic condition The associated moduli space carries the natural 

M-action and denote by 

M{p'-,p'+;B') 

the compactification of its quotient by this M-action. We shall however need to con- 
sider only those {p'_,p'^; B') whose associated moduli space has virtual dimension 
0. 

First since all the nontrivial holomorphic disk which bounds either L^^^ or L'-^'> 
have Maslov index > 2 and all the holomorphic spheres have Chern number > 2 we 
can easily perturb those moduli spaces (of virtual dimension or 1) so that they 
do not have disk or sphere bubble. We would like to point out that the necessary 
transversality result on the moduli spaces can be easily achieved in the current 
context: For A^'""^°(p_,p+) we can perturb Hamiltonian term on compact set to 
make it transversal. For M(p-,p+) we can directly check that this moduli space 
is transversal using the fact that our chosen almost complex structure J is the 
standard integrable one on C x 5*^(1). 

Now we study the end and the boundary of A^P'"'°(p,p; 0) for a p € L^^^ n 
L(i). The space A^P'"'°(p,p; 0) is one dimensional. Here £ Il{p,p) denotes the 
equivalence class corresponding to the constant map u = p. In particular, we have 



*uj = 0. (3.8) 

We observe that the condition iPh{L''^^) n L^^^ = implies the following 

Lemma 3.2. For all sufficiently large K > Q, \3.!^) has no solution. Namely, we 
have M^{p,p;0) = 0. 

Proof. We refer to the end of p. 901 of |0h3| for its proof. □ 
So the boundary of the compactified moduli space 

A^^"™(g,p;0) 

consist of the following three types: 
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(1) K^O. 

(2) _ 

|JA1(p,<Z;Bi) X AlP'^™(g,p;B2), Bi + = 0. (3.9) 

9 

(3) _ 

|j7Wf°™(p,g;Bi) x M{q,p:B2), Bi + B2 = 0. (3.10) 

Q 

The case (1) gives rise to exactly one element. (That is the constant map, u = p.) 
Therefore the sum of the numbers of the boundaries of type p.9[) and of p.lOp 
must be odd. We will show that this is impossible. 

For this purpose, we examine each of the two types in detail. We first consider 
the case of (|3.9p . Let 

{v, (u, K„)) e M{P, q;Bi)x MP''"'{q,p; B2). 

The energy bound (|3.7p and p.Sp yield the inequality 

0<i?(,7,H;,,.)(") < / u*uj+\\H\\ 

for any solution of p.3p for any K . Therefore from = S — c < S and p.2p . we 
derive 

J u*uj > -\\H\\ = -S + c. (3.11) 

Since we consider an element v of A4{p, q; Bi) whose virtual dimension is 0, the 
element v must be of the product form into 

(a) (wi, {pt}) with vi : M X [0, 1] C holomorphic 

(b) {{pt},V2) with U2 : IR X [0, 1] 5^(1) holomorphic. 

First consider the case (a). We note that there are three bounded connected 
components of C \ {S^{S) U S\{S)). Two of them say Di, D2 have small area and 
the third one has area — e for some e > 0. By choosing a small isometry that 
we uses in the beginning to define Li, we may choose e < | so that 

. + | + im<5-£ 

For this choice of e > 0, we claim cannot appear in the compactification of 
M^°''^°'(j},p] 0). In fact, if it did, u G M^°'^°'{q,p; B2) and would give an element 
of this compactification that lead to 

= J u*uj + J v*uj>-S + c + AreaiDs) >-5 + c + 5- ^ = y>0, 

a contradiction. 

Note that Di and D2 have the same area J^j lj ^ uj{Bi). Therefore the end of 
Ai^'^^°'{q,p;0) will come in a pair of the form {v±, {u,Ko)) contained in 

M{p^q-B^)xM'P''"'{q,p; B2) 

SO that for each given {u, Kq) G MP'^^°'{q,p; B2), there is a pair w_, u+ e M{p, q; Bi). 
Therefore the cardinality of this set must be even. 

For the case (b), similarly the end element again comes in a pair of the form 
((m, Kq), v±) with the the same area / v*_u] = J v'^^cu. {Here we use the fact that we 
put the equator on 5^(1).) Again the cardinality of this set is even. 
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By the same argument, p.lO|) consists of even number of points. This is a 
contradiction. □ 

4. Comparison of two Cauchy-Riemann equations and coordinate 

CHANGE 

In this section, we explain what the coordinate change we caUed in the introduc- 
tion means. To describe it precisely, we briefly recall the Novikov covering spaces 
of the path spaces joining Lagrangian submanifolds, on which the action functional 
will be defined. 

We denote the path space by 

[0,1] I ^(0) e lW, ^(1) e 
We first recall the action one-form a on defined by 

a{em= ['iom,m)dt. (4.1) 

Jo 

This form is a 'closed' one-form but not 'exact' in general. Due to the presence of 
the multi-valuedness of the associated action functional we consider the Novikov 
covering space f2(L(°\ i^^^; of the connected component fl{L^°\L^-'-^;£a) con- 
taining a chosen base path ia G fl{L'-^\ L^^^) for each 

and consider its associated action functional 

AiS[^,w\)^ j w*io for [£,«;] e 17(L("\i(i); 4). (4.2) 
A simple computation shows that 

dAt^ = -7r*a (4.3) 

on f2(L(0), 4). Here [^, w] G n{L^°\L'^^'^]£a) is an equivalence class of the pair 
(^,w) of £ G 17(i("',L(i);4) and w ; [0,1]^ ^ X satisfying 

u;(s,0) e w{s,\) e L^^\ w{Q,t) =ia{t), w{l,t) = £{t) 

and TT : n{L^°\L^'^');£a) n{L^°\ L^'^'^) is the natural projection given by [i,w] ^ 
i. The equivalence relation is given as follows; {i,wi) ^ {i,W2) if and only if 

w([Wi#W2]) = = yUi(0)i(l)(Wi#W2) (4.4) 

where /^i(o)i(i) is the Maslov index of the annulus map wij^w' : x [0,1] — > X 
with boundary lying on L^^^ at t = and on L^^^ at i = 1. We refer to Definition 
2.2.4 [FOOOlj for the precise definition of f2(L(o), L^i); 4). 

Remark 4.1. In this section and the next, we pick and discuss one connected com- 
ponent of r2(L(°\ L*^^^) and its Novikov covering space without loss of generality. In 
Section [6l we will consider all connected components to study Floer chain complex 
which is in fact a direct sum of Floer chain complex for each connected component. 

Now for a pair (L(o),L(i)) of compact La grangian submanifolds we consider the 
Hamiltonian deformation (L^^^', L*^^^') given by 
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Wc also consider a family — {J^}o<t<i of w-compatible almost complex struc- 
tures. We take Hamiltonian isotopies (finm — {0^(o)}o<s<i, = {^^/u) }o<s<i 
such that 

</.^<„,(L(°)) = L(°V (4.5) 

For a given pair of Hamiltonian isotopies for « = 0, 1, J" ~ {Ji}j ^-nd a given 
smooth function p as in Section [2l we consider moving Lagrangian boundary value 
problem 

\i.(r,0)e<,^(iW),u(r,l)e<)(iW) ^ • ' 

where JP{T,t) = J^^^\ Let [£p,w] € f2(i(o)^ ^(i); 4) and £ f2(L(o)', i^^)'; ^;). 

Here we choose 

m ■■= 0^(1, ° 0^(0, (4-7) 

as the base path of f](L(o)', See ([416]) and (j4A9l) below. (We used the 

notation ^(^'^"''■'^*") in |F0001j .) We denote by 

A^''((L«, 0^,1,), (l(°), 0^,0,); [£p,H,[V,«'']) (4.8) 
the set of solutions of (|4.6p with 



j(0) ''^h(1> 



where w#u : [0, 1] x [0, 1] — > X is the concatenation in the r-direction of w and u 
and 

(see p. 308 in |F0001| ). We note that we do not use the equation (14.61) of moving 
Lagrangian boundary value problem and the moduli space (|4.8p themselves in this 
article, while in Subsection 5.3.2 of jFOOOl] we used them for construction of a 
filtered A^c bimodule homomorphism. 

The main goal of Section [4] - Section [6] is to construct a suitable filtered A^o 
bimodule homomorphism, hence a chain map by considering the Hamiltonian per- 
turbed Cauchy-Riemann equation (|5.ip different from (|4.6p . when the pair 
is unobstructed in the sense of Lagrangian Floor cohoniology theory, 

C(L(i),L(0); A„ov) ^ C(L(i)',lW';A„ov) 

in the point of view of filtration changes. See the beginning of Section [6] for a quick 
review of C(L(i),L(°);Anov). The reason why we use the equation (|5.ip instead of 
()4.6p to construct a desired filtered A^o bimodule homomorphism is to apply the 
improved estimates for solutions of (|5.ip carried out in Section O 
First, we consider the particular pairs 

(L(0),lW), (L(o)',LW') = (0i,(i(°)),LW) 

to explain the meaning of the coordinate change. These particular pairs correspond 
to the special case i/*-^-* = in the general discussion above. 

We would like to compare the geometric version of Floer theory and the dynam- 
ical one. Such a comparison is by now well-known, and the case 

(L(°),L(i)), (</>),(l(°)),lW) (4.9) 
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was exploited previously in |0h2| for the exact Lagrangian submanifolds on the 
cotangent bundle in relation to the study of spectral invariants. Here we need such 
a study for general compact Lagrangian submanifolds on general {X,uj). 

The geometric version of the Floor complex for (i^o)' = L'^)' = L^^)) 

is generated by the intersection points 

and its Floer boundary map is constructed by the moduli space of genuine Cauchy- 
Riemann equation 

du' I jf du' ri 

ar + ^ at - " u 10) 

V(r,0)G 01,(^(0)), u'(r,l)eLW. ^ ' ^ 

Here J' = J/ = (0]^ (<?!>^)~^)* Jt- We denote by 7W(L(i), J') ^j^^ moduh 

space of finite energy solutions of this equation. Due to the presence of the multi- 
valuedness of the associated action functional, we need to consider these equations 
on the Novikov covering space of some specified connected component 

with the base path ^ G r2((/)];^(L("'), i'^^), which is given by 

C{t)^4>H{4>'H)'\m), (4.11) 

and consider the action functional 

A,.W',w'])= hw'Yu: (4.12) 



where € Vt(<i3\j{L^°^) , L'^^'^ ] i'^) and w' : [0,1]^ ^ X is a map satisfying the 

boundary condition 

w'{o,t) = Cit), w'{i,t) = e'{t), w'{s,o) e 0i,(i(°^ w'{s, 1) e l^. 

On the other hand the dynamical version of the Floer complex is generated by the 
solutions of Hamilton's equation 

i = XH{t,x), .t(0) e .t(1) e L^^^ (4.13) 

and its boundary map is constructed by the moduli space of perturbed Cauchy- 
Riemann equation 

\w(r,0)eLW, 7/(T,l)eL(i). ^ ■ ' 

We denote by M{L'^^\L'^°^\H] J) the moduh space of finite energy solutions of this 
equation. The action functional AH,ia defined by 

AhjAI^.w])^ Jw*uj + J H{tJ{t))dt (4.15) 

onf](L(0),L(i);^,). 

These two Floer theories are related by the following transformations of the 
bijective map 

0+0 : n{cf,],{L(°^),L(^^;e'J ^ f](L(o), i^; £,); [£',w'] ^ [e,w] 
given by the assignment 

m - ^Hi^hr'n'it)), wis^t) = 0*,(0i,)-i(^'(s,t)). (4.16) 
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This provides a bijcctivc correspondence of the critical points 

Grit Ai'^^ Gilt Ah [p' ,w']^ [z^, ,w] (4.17) 

with / e 0i,(LW)nLW, z^,{t) := </>^(</>}^ and w = 0*,(0i,)-iK(s, t)), 
and of the moduH spaces 

with Jt = (0^(0^)^^)* where the map is defined by 

7.(T,t)=0^(0l,)-l(u'(T,t)). 

The map g J.q also preserves the action up to a constant in that 
Lemma 4.2. Denote 

c{H;£a) := / H{t,£a{t))dt 
Jq 

which is a constant depending only on H and the base path ia of the connected 
component f2(L''^) ,L^^^;£a)- Then 

■^H,i^ o Sti.oii^'.w']) = Ai>J[i',w']) + c{H;£a) (4.18) 
on f2(i(o)^i(i);£a). 

Remark 4.3. Since we normalized Hamiltonians so that Htui'^ ~ for each 
t in Section [21 we can take ia for each connected component of ri{L^^\ L'-^^) in 
such a way that c{H;ia) = /q H(t,ia{t))dt = 0. It is not essential to choose £a 
in a way as above. In fact, if we take a based path so that c{H] £a) ^ 0, it is 
enough to include an extra term c{H; £a) in the energy estimate on {1{L^'^\ L^^^]ta) 
when we apply the coordinate change J.q or its inverse. Since we will consider all 
connected components of r2(L(°\X(^^) in Section [5] (see Remark 14. ip . we have to 
add the constant c(iJ; (.a) for each connected component r2(i'^°\ L'^^'^;la)- Thus, to 
avoid heavy notation, we simply choose £a so that c(iJ; Ha) = for each connected 
component S1(LW, L^^'; 4)- 

Proof. The proof is by a direct calculation. Let [I' ,w'] G n{(j)\j{L^^">),L^'^'>;(.'a). 
Then 

■AH;lAQH-fl{[^\w'])) = jw*UJ + j^ H{tJ{t))dt 

and 

/ dw dw\ 
w oj ^ uj [ -r— , -r— ds A dt. 
\os ot J 

We compute 

i - ^(*»(*)-)(^) 
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Substituting this into the above, we obtain 

1 '•1 /dw' dw'\ , , 
(jj — — , — - — as at 



"'0 



ds ' dt 
fi /.I 



^0 

1 pi 



{w'Tu- j I dHt{w{s,t)){d{<j>'H{cl,j,)-')^] dsdt 



{w')*LJ- I I ^Ht{w{s,t))dsdt 
Jo Jo c's 

{w'Yuj- f Ht{w{l,t))dt+ f Ht{w{Q,t))dt. 



Substituting this into the above definition of (g J. q([^', ?«'])), the proof is fin- 

ished. □ 

We denote by q^j.q the inverse g^.p = (g^.g)^^- The outcome of the above 
discussion is that the two associated Floer cohomologies are isomorphic to each 
other. 

So far we have moved the first argument L^^^^ in the pair (L^"', L'^^). We can 
also move the second argument L^^^ instead. In that case, we define the coordinate 
change transformation by 

g± ^ : f}(L("),0],(i(i));^:.) ^ f^(L(o), i^; ^ \£M 
given by the assignment 

m = <t^H'{<t^H)-\nt)), w{s,t) = <j,'-^\cp\jr\w'{s,t)) (4.i9) 

where H{t^ x) := —H{1 — t, x) is the Hamihonian generating the latter Hamiltonian 
path 1 1— > This provides a bijective correspondence 

CritAe'^ < — > CritAfj 

and the moduli spaces 

Mi^UL^'^). J') ^ M{H; L^'\l^°^; J) 

with Jt = {(t)]fH(t^hy^)*Ji- Here MiH; L^^\ L'^°'> ; J) is the moduH space of solu- 
tions of 

i^ + j{^-X^iu))=0 

\u{T,o)eL(^\u{T,i)eLW. ^^-^"^ 

The action functional Ajj ^ is given by 



Afj^^^{[e,w]) = J{w)*oj + J H{t,e{t))dt. (4.21) 
The explicit formula of the latter correspondence is given by 
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Again the following can be proved by a similar computations used to prove Lemma 
14.21 whose proof is left to the readers. 

Lemma 4.4. We have 

■^H.i^ ° ^1) = -^C ([^'' ^']) + c{H; la) (4.22) 

where 

c{H-Ja) / H{t,£a{t))dt 
Jo 

is a constant depending only on H and the base path ia- 
We denote by g ~ the inverse of a ~ . 



5. Improved energy estimate 

First we consider the case of varying the first argument L^*^^ of the pair 
(i(")',i(i)') = (0];^(L(o)),L(i)). In this case, as far as the study of the opti- 
mal filtration change is concerned, employing the moduli space with moving La- 
grangian boundary is not the best one. We will show that employing the standard 
perturbed Cauchy-Riemann equation by Hamiltonian vector fields with fixed La- 
grangian boundaries, which intertwines the geometric version and the dynamical 
version of the Floer complex, gives a stronger energy estimate which gives rise to 
the optimal change of filtration. 

Let p be one of smooth functions on M of the three types introduced in Section 
[5] See (|2.4p and (12.51) . Consider the perturbed Cauchy-Riemann equation 

\7.(T,o)eL(o),u(T,i)Gi(i) ^ ' 

with the finite energy E(^jjjp){u) < oo. The following a priori energy bound is a 
key ingredient in relation to the lower bound of displacement energy. This kind of 
optimal estimate is originally due to Chekanov |Che| . which is the key calculation 
that relates the energy and the Hofer norm in an optimal way. For completeness' 
sake, we include its proof which is a slight variation of the calculation carried out 
in p. 901 |0h3) . It is useful to decompose into two parts 



E~{H)= [ -min Htdt, E+ [H) = [ max Ht 
Jo Jq 



dt. 



which are so called the negative and positive part of the Hofer norm \\H\\. 

Lemma 5.1. Let p = p+ as in (j2.4|) . Let u be any finite energy solution of ()5.1[) . 
Then we have 

E{j,H,p){u) = j u*u + j H{t,u{(X),t))dt 

p'{t) I {Htou)dtdT. (5.2) 
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Proof. The proof will be carried out by an explicit calculation. We compute 



/OO fl 

r>oo pi 



du 



dr 



2 poo pi / 



dtdT= / uj I —,J— ] dtdr 



( Ou Ou \ 



u*uj+ / p(t) / —{Htou)dtdT 



— OO 



c'r 

u*uj+ / H{t,u{oo,t))dt~ / p'(t) / [Htoujdtdr. 

Jo J~oo Jq 

Here at the last equality, we do integration by parts and use the fact p(oo) = 
1, p(-oo) = 0. This finishes the proof of ((^ . □ 

This lemma gives rise to the following key formula of the action difference 

An.ia ("(oo)) - A„ (w(-oo))- 

Proposition 5.2. Let p e L'^"'> n L^^) and g' e n L^^). Denote by € 

ri(L'-'^\ L*-^); ^q) i/ie Hamiltonian trajectory defined by 

z^,{t)^cl^'M\l')) 

and consider [^p,w] G Crit^^^, [z^, ,w'] E CntAHj^- Suppose that u is any finite 
energy solution of I15.1\) with p ~ as in (|2.4p satisfying the asymptotic condition 
and homotopy condition 

u{—oo) — ip, u{oo) = z^ , wfj^u ~ w' . (5-3) 

Then we have 

/ p'{T)H{t,u{T,t))dtdT. (5.4) 

-OO Jo 

Proof. By (|5.3p . we obtain 

= / — / w*ijj. 



By substituting this into (j5.2l) and rearranging the resulting formula, we obtain 
dElD from the definitions (|i?T^ of Ai^ and of . □ 

An immediate corollary is 

Corollary 5.3. Suppose that there is a solution u of (|5.ip for p ~ as in 

Proposition 1 5. 2i Then we have 



AH,iA[z",w'])-AeAep,vu])> f mmHtdt^-E-(H) 



(5.5) 
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Similarly if there is a solution u of ()5.ip for p = p- = 1 — /9+ , 

AiS[iqM)~-AH,iA[z^.,w'])> f -maxHtdt^ -E+{H). (5.6) 

JO 

Next let us concatenate the two equation (|5.ip for p+ as in ()2.5p and p- = 1 ^ P+ 
by considering one-parameter family of elongation function of the type 

{p+{- + K) for T < -K+1 

P-{--K+l) ioi-T>K-l (5.7) 
1 for|r|<is:-l 
for 1 < K < oo and further deforming Pk=i further down to Pk=o = 0. 

Proposition 5.4. Let u be a finite energy solution for (jS.ip of the elongation pK 
with asymptotic condition 

u{ — O0) — Ip, u{oo) = £q, W-#U ~ W+. 

Then we have 

Ai^i[£,,w+])-AiAKw.]) > -{E-{H) + E+{H)) = -\\H\\ (5.8) 



Eij.H;p^)iu) < Ju*u;+\\H\\. (5.9) 

So far in this section, we have moved the first argument in the pair {L^^\ L'-^^). 
When we move the second argument L*-^^ instead, the only difference occurring in 
the above discussion will be the interchange 

— min H i — max H. 

Now we move L^^^ and L^^^^ by Hamiltonian isotopics 0^(0) and (/'^(i) , respectively. 

Then we have the following bijection 

where 
and 

iz;(s,t) =(/.^-J, o (0^,1) )-i 0*^,0, o (0^,0, )"'K(s,i))- 
We write 0^(o) — (fljco) abuse of notation, we also denote by 

0^(0) ^(1) the bijection between the path spaces n{L''^\L^^^) and ri(L(°)', L^^^'). 
Then we obtain the following improved energy estimate. Here we take the base 
path la in such a way that 

c{H;la)= f H{t,la{t))dt^O (5.10) 



as in Remark 14. 31 Here H is the normalized Hamiltonian generating 

The Hamiltonian H is explitly written as 

H{t, x) = -H^'Hl - t, x) + i7(0)(i, (0^-J, o (</)^,,, )-')-\x)). (5.11) 
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For V : [0, 1] x [0, 1] X, wc put 

By the expression (|5.1ip oi H, we find that 

E-{H)<E-{H^'^^)+E+{H^^^), E+{H)<E+{H^^'^)+E-{h''^^). (5.12) 
Recall that we have chosen (.a such that (|5.10p is satisfied and put = 0^(o) (^a)- 

Proposition 5.5. Let (i'"', i'^^) be a pair of compact Lagrangian submanifolds 
and [L^'^'>' , L^^'^') another pair with 

and let H^^\ H^^'^ be the normalized Hamiltonians generating 0^(0) o-nd re- 
spectively. Consider a pair [ip,w] G f2(L("\ i^^); 4) and[iqn^w"] G n{L(°^' ,L'^^^';0 
for which there exists a solution u of (|5.ip with p ~ as in (|2.4p such that 

lim u(t, O^^, hm M(r, •) = 0+(o) „(i) (4"), $H(o),ff(i) (u'#u) u;". 

A^-([V,^i'"])- A„([4,H) > -(i?-(F(°)) + i?+(i?(i))). (5.13) 

Similarly, let [ip" ,w"] G ^{L^^^' ,L^^^';0 and [4,w] S f2(L(o), L^^); 4). // i/iere 
exists a solution u of (|5.1[) mi/i p = p_ = 1 — p+ suc/i i/iai 

lim u(t, •) = 0+(o, (£p"), lim u(r, •) = 4, (w")#u - w, 

we /ia7;e 

A„([4,i/;]) -^cdV':^"]) > -{E+{H^'>^) + E-iH^'^)). (5.14) 

The following proposition is parallel to Proposition 15.41 

Proposition 5.6. Let (L^"'', L*-^)) be a pair of compact Lagrangian submanifolds. 
Lf there exists a solution u of (|5.ip with p = px in (|5.7p satisfying 

lim u{T,-)~lp, lim u(t, •) = W-jj=u^w+. 

r— — oo r^+oo 

T/ien we /lawe 

AM,w+]) ~ A,SK,w^]) > - + \\H^''>\\) (5.15) 

and 

£^(^,g^,,,)(«) < / u*u;+\\Hi'^\\ + (5.16) 

6. Corrected proofs of Theorem J and Theorem 6.1.25 [FOOOlj 

To keep the statement of Theorem J [FOOOlj as it is, we need to modify con- 
struction of the chain map used in the proof of Theorem 6.1.25 [FOOOlj . 

In the rest of the paper, we assume that a Lagrangian submanifold is closed and 
relatively spin and a pair of Lagrangian submanifolds is relatively spin (Definition 
1.6 jFOOOlj ) unless otherwise noted. In this discussion we use the C-coefficients 
as in [F00021 lF0003j but one can also use the (Q-coef5cients as in jFOOOlj . 
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We first recall the definition of the universal Novikov ring Anov used in [FOOOlj . 
An element of Anov is a formal sum 

oo 
i=l 

with ai e C, Ai e M, G Z such that A^ < A^+i and limi^oo A^ = oo, unless 
it is a finite sum. Here T and e are formal parameters. We define a valuation 
X>T ■■ Anov ^ M by 

Ot ||^a,T^'e^-^ = Ai. 

This induces a natural M-filtration on Anov which in turn induces a non- Archimedean 
topology thereon. Then we define Ao,nov to be the subring of Anov consisting of 
Y^QiT^'e^"' with Dt (E,=i OiT^-e''') > and A+„^^ by the subring with Ut > 0. 

We define C(L(^), L^^^; Anov) as the Anov-module generated by Crit Ai^, a G 
7ro(0(L'^°^, L*^^^)) modulo the equivalence relation given in (|4.4p . The filtra- 
tion {F^} on C(L*^^', Anov) is given by the action functional Ai^. See p. 127 
in [FOOOlj . We can regard C(L^^\ L^^^; Anov) as a free Anov-module generated 
by L'^^) n L^^'^ provided L^°^ and L^^'' intersect transversally. In such a situa- 
tion, we can identify F''C(L(^\ L^^^; Anov) and the free Ao^nov-module generated 
by n L(i). We defi ned a filt ered Aoo-bimodule structure o n C(L(i) , L(°) ; Anov) 
in Theorem 3.7.21 in |F0001| (see also Definition 3.7.41 in |F0001] ). By ex- 
tending the coefRcient ring to Anov, we also have a filtered ^oo-bimodule structure 
on C(L(^\ L(°^; Anov)- This construction does not rely on the choice of the base 
paths (.a- However, when we construct a filtered j4(x)-bimodule homomorphism 
C(L(i),L(o);Anov) C(L(i)',L(o)'; Anov), we use the base baths 4 and i'^. As we 
will see, the improved estimate in Section [5] is used to control the filtration change 
under the filtered Aoo-bimodule homomorphism. 

6.1. Statement of Theorem J |F000l) . In |F000l| . we associate a set M.wcak.dcf{L) 
for each relatively spin Lagrangian submanifold L of (X, w) and the maps 

TTamb : woak,dct(-Z-) ^ H'^{X] A+„„^), «PD : wcak,dof (^) ^ A+„^^ 

such that the Floor cohomology HF{{L,hi), (L, bo); Ao,nov) can be defined when- 
ever the following condition holds: A^wcak,dct(i) 7^ and 

^amb — ^amb (bo), 'pO(bi) = q}D(bo). 

Sec Theorem B [FOOOlj . When this condition is satisfied, we say L is weakly 
unobstructed after bulk deformation. We set 

A^weak(L) = ^amb(O), ^(1) = TT^^^ JO) H " ^ (0) , 

whose elements arc called weak bounding cochain (weak Maurer-Cartan element), 
bounding cochain (Maurer-Cartan element), respectively. See Section 3.6, especially 
Definition 3.6.4 and Definition 3.6.29 jFOOOlj for the precise definitions of bound- 
ing cochain and weak bounding cochain. More generally, for a relative spin pair 
(i'^^\ L^^'') of Lagrangian submanifolds and 

(bi,bo) e {(bi,bo) I ^amb(bl) - ^amb(bo), (bi ) = <PD (bo)} 

= : A^wcak,dof(i*^') X(7r„,b,qJO) A^wcak,dof(i^°^), (6.1) 
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wc can define the Floer cohomology bi), (i^, bo); Ao,nov) over Ao^ ,nov- 

By Theorem 6.1.20 |F0001| . it is isomorphic to 

b 

A^ov © 0(Ao,nov/T^' Ao,nov) (6.2) 
i=l 

for some non negative integer a and positive real numbers Xi (i = 1, . . . , 6). We 
call a the Betti number and A.^ the torsion exponent of the Floer cohomology. We 
note that HF{{L^^\hi), (L^''^ bg); Ao,nov) is not invariant under the Hamiltonian 
isotopy. However, it is proved in jFOOOlj (see Theorem G (G.4)) that the Floer 
cohomology 

i?F((L(i),bi),(L(o),bo);A„ov) 
with Anov its coefficients is invariant under the Hamiltonian isotopy and satisfies 

i/F((L(i),bi),(LW,bo);A„ov)- A®^. (6.3) 

In particular, when a 7^ 0, L*^*^-*, i*-^^ can not be displaced from each other. On the 
other hand, when a = 0, there is no obvious obstruction to the displacement. In this 
case, the torsion part of HF{{L^^\hi), (L'^°\ bg); Ao,nov) provides some information 
on the Hofer distance and the displacement energy of the two. 

Now, under the above brief review of Lagrangian Floer theory for a weakly un- 
obstructed Lagrangian submanifold after bulk deformation, we can state Theorem 
J of [FUOUlj . 

Theorem 6.1 (Theorem J |F000l) ). Let {L^^\ L^^")) be a relatively spin pair of 
Lagrangian submanifolds of X and L^^\ L^^"^ weakly unobstructed after bulk defor- 
mations. Let (bi,bo) e 7Wwcak,dof(i'-^^) x^r^^^^.^po A^wGak,dof(i^°^) ds in ([6T|) and 
^ : X X a Hamiltonian diffeomorphism. Assume that ^j{L'^^^) is transversal to 
L*-*^) and denote 

bi\m) = #{^\^^>\\m, 

where Xi are the torsion exponents as in (|6.2p and \\(j)\\ is the Hofer norm defined 
by (j2.2p . Then we have 

#(V'(L(i))nL(°)) >a + 26(|lV||). (6.4) 

Theorem 16.11 follows from the following Theorem 6.1.25 of |F000lj (see Sub- 
section 6.5.3 |F000l| ). The proof of Theorem 6.1.25 contained an error which we 
now fix. 

We recall that a symplectic diffeomorphism -0 : {X, L) {X, L') induces a 
bijection 

■0* : A^wcak,dof(i) A^wcak,dof(-^') 

which is compatible with the maps TTamb and See Theorem B (B.3) [FOOOlj . 

Theorem 6.2 (Theorem 6.1.25 |F0001| ). Let (L(°\L(i)) and (bi,bo) be as in 

Theorem \ 6.1l and '0^'^ : X X {i = 0,1) Hamiltonian diffeomorphisms. Put 
L'*)' = ■!/)('^(L('^). Let X_i^i, i ~ 1, . . . , 6 and ^ z = 1, . . . , 6' 6e the torsion expo- 
nents of the Floer cohomology 

i/F((L(i), bi), (l(°), bo); Ao.nov), HF{{L^'>, 4'^bi), (l(°)', 4°^bo); Ao,„ov) 
respectively. We order them so that X^^i > Aj,.^-!-! and X'^.j^ > X'^.j^^^. Denote 

= dist(L(°), L(°)') + dist(L(i), L(i)')- (6.5) 
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Then if A|_, > vo, then i < b' , and if A^,i > t'o and ^ > vo, then we have 

\Xi.,-XU\<^o- (6.6) 
In particular, Aj,.; is continuous for each i as long as X^^i > 0. 

Remark 6.3. Let A e M such that A > 2\\H\\. In the statement (6.5.30) in p. 391 
[FOOOlj . we obtained the chain maps 

: T^C(l(i\ lW;Ao,„ov) ^ r^-II^IIC(L(i)', i'"''); Ao.nov)) (6.7) 

0':T^-II^IIC(x(i),L(o);Ao.nov)^r^-'II^IIC(L(i),i("';Ao,„ov). (6.8) 

The above mentioned error hes in the fact that the composition of (|6.7p and (|6.8p 
only chain homotopy equivalent to the inclusion 

i : r^C(L(i),i("'; Ao,„ov) ^ r^-^II^IIC(L(i), i'"'; Ao.nov) 

if we use the original energy estimate given in Proposition 5.3.20 (Proposition 
5.3.45) |F0001] . Therefore we need to replace the rest of the proof by the fol- 
lowing argument which uses the construction of an optimal chain maps combining 
the coordinate transformations explained in the previous sections and the improved 
energy estimate. 

6.2. Proof of Theorem 6.1.25 jFOOOl] . In this subsection we prove Theorem 
6.1.25 |F0001| . 

Consider the pair (-0(''\ -0(^)) of Hamiltonian difFeomorphisms. As in [FOOOlj . 
to simplify the notation, we restrict ourselves to the case of a transverse pair 
(L(°),L(i)) where both are unobstructed, i.e., A^(LW) 7^ 0. Then using 
bounding cochains hi g A^(L*^*)), we can define the coboundary operator Sbi,bo 
on the filtered A^^ bimod ule C(i(i), L^; Ao,nov) = F° C {L^^\ L<^°^ ; A^o^) . (See 
Subsection 3.7.4 [FOOOlj .) Similarly, we have the coboundary operator Si,> i,' on 

C(L(i)', L(0)'; Ao,„ov) = F°C{L^'>, L^°>; A„ov), where we put b', := 

Let (5 > be given. We consider any Hamiltonian isotopy ipHW , ipHW generated 
by H^"\ H^^^ respectively such that 4>\jii) = 

i(")' = V'"'(i'"'), L^^^' ^ (6.9) 

and 

leng(0^(o)) +leng(V'//(i)) < dist{L^'^\L^'^^') + disi{L^^\L'^^^') + 5. (6.10) 
Denote 

and 

iy:=iy-+iy+ = + \\H^'^\\ = leng((/)^(o)) + lcng(0^(i,). 

We note that we can make v as close to vq in (|6.5p as we want. See Remark 16.51 
We construct a filtered Arx, bimodule homomorphism 

: C(i(i),LW; A„ov) ^ C(L(i)', L^'; A„ov). 

One such construction is provided in in jFOOOlj . See (6.5.14) and (6.5.15) therein. 

However, we would like to have an additional property that is required in Theo- 
rem [O] above. In [FOOOlj . we used the moduli spaces of solutions for (|4.6p . which 
is the equation of moving Lagrangian boundary value problem. In this article we 
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use the moduli spaces of solutions u for (|5.1|) . instead of (j4.6|) . with p = p+ such 
that 

lim u(r, •) = ^p, lim u(r, •) = g+ o, (V), '^Hm,HW {w#u) - w" 

as in Proposition 15.51 Then by identifying Crit p with Crit At^ we obtain 
a filtered A^o bimodule homomorphism (/) in a way similar to Lemma 5.3.25 and 
Lemma 5.3.8 in IFOOOlj . The filtered A^o bimodule homomorphism induces a 
morphism of eochain complexes, which we also denote by cf) by an abuse of notation: 

: C7(i(i),L(0); A„ov) ^ C(i(i)', A„ov). (6.11) 
Similarly, we use the moduli spaces of solutions u for (j5.ip with p = such that 

lim u(r, •) = 0+(o) lim "(t, ') = ^g, ^"^(0) ^jcd {w")#u - u;, 

to obtain 

0' : A„ov) ^ C {L^^\ L^""^ ■ Ko.) ■ (6.12) 

Since we choose ia hi such a way that c{H,£a) = for all a G 7ro(ri(L(°\ L*^-'^')), 
Proposition 15.51 implies that these composition satisfies 

Similarly, we obtain 

0' : F^C(L(i)',lW'; A„ov) ^ F^-^+ClL^^', L^o); Anov). 
This leads to the chain map 

0' o : F^C(l(i), Anov) F^-^^ClL^^), A„ov). (6.13) 
Equivalently, we can rewrite these into the chain maps 

T''-(b : F^C(L(i),L(o);Anov) ^ F^C(L(i)', L^o)'. a„,,) 

and 

Setting A = 0, we have 

(T'^-q,), : 6i), (L^o) , 6o); Ao,„ov) ^ HF{{L^'^', b[), (L^^)', 6^); Ao,„ov) 

and 

(T-^+^O* : HFiiL^'y, b[), &(,); Ao.nov) HF{{L^'\h), (L^^), 6o); Ao,„ov) 

respectively. 
We denote 

i : F^C(L(i), lW; Anov) F^-'^ClL^i', L^o'; A„ov) 
the inclusion induced homomorphism. 
Lemma 6.4. The two maps 

(T-^+^O o (T^-0), Tn : ^^^C(l(i),L(°);A„ov) F^C(l(i), A„ov) 
are chain homotopic to each other. 
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Proof. This last statement follows from the arguments in p. 390-391 |F000l| . and 
also from the explicit energy bound ()5.16|) in Proposition l5.6l for solutions u of ()5.1|) 
with H and p ~ pK, < if < oo, which are used to define the chain homotopy 
map. Recall that px extends smoothly to iiT = as the constant function zero. 
Then the moduli spaces of solutions of (|5.ip with p = pK in (|5.7p defines a chain 
homotopy between <j)' o (p and the identity. 

As for the filtrations, we apply ()5.15p in Proposition 15.61 to all the elements in 
the associated parameterized moduli space defining the chain homotopy and find 
that the energy loss is bounded by v for all K. This proves that (j)' o (j> is chain 
homotopic to i as a map 

□ 

From now on, we consider the case that A = 0. Then we have 

{T''+4>'),o{T''-4>),^T'' (6.14) 

where 

: HF{{L^'\h), 6o); Ao.nov) ^ HF{{L^'\h), 6o); Ao,„ov) 

is the map x i— > T'^x. 
Since 

and 

(r''+0')* : HFiiL^'y, b[), 6;,); Ao.nov) -> HF{{L^'\bi), (L^o), 5o); Ao,„ov) 

are Ao^nov-module homomorphisms, we have, for any A > 0, 

(T'^-cj,), : T^HFiiL^^h,), (L^^Kbo); Ao,„ov) ^ T^HF{{L^'^\ b[), (L^")', Ao.nov) 
and 

(T''+0')* : ^^i^F((LW^fe;),(L(o)^6;,);Ao,„ov) ^T^i^F((i(''fol),(^(°^6o);Ao,nov). 

Since (T'^+cf)')^ o {T'^-(j))^ is equal to the multiplication by T'^ , the minimal num- 
ber of generators of Im {T'^+cj)')^, o {T'^-<j>)^, is equal to a + b{X + ly) ii X + ly ^ 
I i ~ 1,...,6}. On the other hand, the minimal number of generators of 
T^HF{{L<-^^', b[), (L(0)', 6^); Ao,„ov) is equal to a + 6'(A) if A ^ {A^ , 1^ = 1,..., b'}. 
Here 

&'(A) = #{* I XI, > A}. 

Therefore we have 

a + b{X + iy)> a + b'{X) 
for A ^ {A^,i - J/ I i = 1, . . . , 6} U {A^^ | i 1, . . . 6'} cf. Lemma 6.5.31 in [FOOOlj . 
This implies that A^ ^ > Aj,^; — v whenever A^^i > i^. 

Since this holds for all Hamiltonian isotopies (j)Hm , (f>HW satisfying (|6.9p . ()6.10p 
and for any S > 0, we obtain 

ifA^,, >i., Xi,,<,y + Xl,. (6.15) 
By changing the role ofL'-^\L'-°^ with L^^>,L'^°> we also obtain 

ifAU>z^, Ai^,<z.-l-A4... (6.16) 

Theorem 112] follows. □ 
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Remark 6.5. With given fixed i^")' e 3so(L(°)) and L^^'' G 3so{L^^^), we may 
consider a/Z possible Hamiltonian isotopy with given end points and take the infi- 
mum of leng((/)^(o) ) + leng((/)^(i) ) over all H^^'> and H^^'> such that 

In this way, we can make leng(0^(o) ) + leng(0^(i) ) as close to the sum 
dist(LW,L(o)')+dist(L«,L(i)') 

as we want. 

7. Torsion threshold and displacement energy 

As we mentioned; the torsion exponents of the Floer cohomology have some 
information on the displacement energy of Lagrangian submanifolds. We introduce 
the following notion to describe a relation between the torsion exponents and the 
displacement energy. 

Definition 7.1. Let L^^^i'^^ be weakly unobstructed Lagrangian submanifolds 
after bulk deformations. Let 

(bi,bo) e A^wcak,dcf(-^ ) ^ {7r^„,b,'VO) 

as in dnH). Suppose HF{{L'-^\hi), {L'-°\ho)- Anov) = 0. We denote by Ai its 
torsion exponents defined by (|6.2p . 

(1) We define 

T((LW,bi),(L(°),bo)) = maxA, 

i 

and call it the torsion threshold of the pair {L^^\ L'-^'') relative to (bi,bo). 

(2) We define 

T(lW,L(o))= sup T((L«,bi),(L(o),bo)) 

(bi,bo) 

and call it the torsion threshold of the pair 

When H F{{L^^\ hi), {L^"\ ho); Anov) + for some (bi,bo), we define 

•I(lW,lW)==oo. 

(3) In the case hi G 7Wwcak(i^'^), we define T((L(i), 6o)) and T(L(i), L^")) 
in a similar manner. Here the supremum is taken over the set 

[hxM) e {(6l,6o) e A<„oak(i('') X Alweak(i(°^) | (5i ) = (60) } • 

(4) We just denote T((L, b), (L, b)) and 1{L,L) by T(L, b) and T{L) respec- 
tively. 

We now specialize the energy estimate in the previous section to the particular 
case 

(i(«),LW) = (L,L), {L(°^',L^'^') = {L,^('\L)) 
with the displacing condition 

inv^'^(i) = 0. (7.1) 

Then the following theorem relating the displacement energy and the torsion thresh- 
old of L is a special case of Theorem J. For readers' convenience, we give its proof 
which specializes the proof of Theorem J to this particular context. 
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Theorem 7.2. Let L he a relatively spin closed Lagrangian submanifold of (X,lu). 
Suppose that L is weakly unobstructed after bulk deformation and displaceable. We 
denote by e(i)(= e'^(i)) its displacement energy. Let the torsion threshold of 
HF{{L,h), (i, b); Ao,„ou) be positive, i.e. assume T(i,b) > 0. Then we have 

e{L) > T{L,h) 

for any h € A^wcak.dcf (i)- In particular, we have e{L) > T(i). 

Proof. Suppose to the contrary that there exist a sufficiently small S > and an 
element b S A^wcak.dcf (i) such that 

e{L) < 1{L,h)-S. 

Pick a Hamiltonian H and its associated Hamiltonian isotopy such that 

(/)]y(L)nL = 0, \\H\\<e{L) + 6. 

In particular, we also have 

||i/|| <T(i,b). 
Now we recall from (|6.13|) that 0'^ o 0, restricts to 

T^HF{{L, b), (L, b); Ao,„ov) ^ T^-^\"^\HF{{L, b), {L, b); Ao,„ov). 
and satisfies 

o = (0' o = i* 

as a map 

T^HF{{L, b), {L, b); Ao,„ov) ^ r^-ll^ll-ffF((L, b), (L, b); Ao,„ov) (7.2) 
for all A e R. 

We now specialize to the case A = \\H\\. In this case, 

T^-mHF{{L, b), (L, b); Ao,nov) = HF{{L, b), (i, b); Ao.nov). 
Since A < T(i,b), the image of the inclusion-induced map 

U : T^HF{{L, b), (L, b); Ao,„ov) ^ b), (i, b); Ao,„ov) 

is not trivial by the definition of 1{L, b). 

On the other hand, 0^^b), (L, b); Ao.nov) ~ {0} by the hypothesis 

L n (t)\j{L) ~ and hence 0* = = (/>'^ which implies 0'^ o 0, =0. 

Therefore the equality 0'^ o 0» = (0' o c/;)^ = with A = \\H\\ in ()7.2|) gives rise 
to a contradiction. This finishes the proof. □ 

8. Displacement of polydisks inside cylinders in high dimensions 

In this section, we consider the situation of |Hj in any dimension. Namely, we 
prove Theorem 11.31 and Theorem 11.41 stated in Section [TJ 
We recall the polydisks in C" denoted by 

D{ai,a2, . ■ . ,a„) = {(zi, . . . ,z„) € C" | 7r|zip < ai, . . . ,7r|z„p < a„} 

where ai < 02 < • • • < On- Hind considers only the case when n = 2. We also 
denote the cyhnder over the disk \zi\^ < (ai + e)/7r by 

Zi_„_i(ai + e) = {(zi, ■.■,Zn) I 7r|zip < ai + e} 

for < e < 1. 
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Theorem 8.1 (Theorem 1 1.3p . Suppose that 5 > 1 and < £ < 1. Let Zi^n-i = 
Zi^„-i(l + £)• Then we have 

S<e^^'-HD{1,S,...,S)). 

Proof. We prove this by contradiction. Suppose e^^^"^'^ {D{1, S, ■ ■ ■ , S)) < S and 
so 

e^'-'^-'{D(l,S,...,S)) <S-5 

for some smaU S > 0. By definition of e^i."-i {D{1, S, . . . , S)), there exists a Hamil- 
tonian H on Zi^n-i such that 

(l)\jiD{l,S,...,S))nD{l,S,...,S) = il}, snvv^H C Zi,„_i 

and 

\\H\\<e^^'-^{D{l,S,...,S)) + 6<S, (8.1) 
where the inequality comes from the standing hypothesis. Since 

supp C Int Zi,„_i (1 + e) 
is compact, we can symplectically embed 

D{1, S,...,S)c S^{1 + e') X ^^(A) X • • • X S^{X) =: X 

(n-i) times 

together with the image of L'(l, 5, . . . , S*) by the isotopy (/)^, < t < 1, for some e' 
with < e < e' and sufficiently large A > 0. For the later purpose, we take e' and 
A which satisfy < e < e' < 1 and A > 25. 

We consider a circle S^{S) C 5^ (A) which divides 5^ (A) into two domains of 
areas S and X — S respectively. Then we consider the torus 

L^L (l^,S, ...,s]=S^ (^-^] X 5^(5) X • • • X S\S), 



which is a subset of D{1, S, . . . , S) because e' < 1. This torus L is displaceable by 
(j)H inside X = S^{l + e') x S'^(A) x • • • x ^^(A) since £>(!, S,...,S) is so. Therefore 

(n-1) times 

we have e^{L) < \\H\\ which follows from the definition of e-^ . In particular, by 
(|8.ip we have 

e^{L) < S. (8.2) 
On the other hand, we know that the torus 

L = L (^ii^, 5, . . . , 5*^ c S^{1 + e') X ^^(A) x • • • x ^^(A) 

(n-i) times 

is one of the toric fiber. By Proposition 4.3 of |F0002| it is weakly unobstructed 
(i.e., A^weak(i) 7^ 0) and we can choose a weak bounding cochain b € A^weak(i) as 

Now it remains to show 
Lemma 8.2. Choose the weak bounding cochain 6 = 0. Then we have 

T(i,0) > S. 
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Proof. By a result of |C0| the Maslov index 2 disks are completely classified. They 
consist of the obvious ones coming from the the upper and lower hemispheres of 
S^{l + e') which have equal areas and those two domains coming from S^{X)\ 
S^{S). The coboundary map mi of the Floor cochain complex of L are contributed 
by these disks. Since e' < 1 < S*, the holomorphic disks with the minimal area are 
the first two disks 

which cancel each other in the operation of mi. See Case I-a in Subsection 3.7.6 
jFOOOlj and Theorem 1.3 |F0004| for this cancellation argument. The area of 
the next smallest area disk is 5* because A > 25". We have {n — 1) holomorphic 
disks with area S: 

{pt} X • • • X DfiS) X {pt} X • • • X {pt} cX, l^2,...,n, 

where Df{S) is the disk with area S bounding the circle S^{S) in the l-th factor 
5^ (A) of X. We note that such holomorphic disks contribute to mi with the same 
sign. (See Theorem 11.1 (3) in |F0002| for more general result on orientations of 
moduli spaces of the Maslov index 2 disks in toric manifolds.) In particular, these 
holomorphic disks do not cancel each other. Then the argument similar to one 
of Case I-b in Subsection 3.7.6 [FOOOl] shows that they produce a torsion part 
Ao.nov/r'^Ao.nov in the Floer cohomology of L. It follows that 

T(L,0) > S. 

□ 

Combining ()8.2p and this lemma, we obtain 

e^{L) < 1{L,0). 

But this contradicts to Theorem 17.21 and finishes the proof of Theorem 18.11 □ 

By a similar argument, we can show the following variant of Theorem 18.11 We 
consider the domain 

for fc = 1, . . . , n — 1. Here B^^{kS) is the ball in C'^ of redius r with the Gromov 
width 7rr^ = kS. 

Theorem 8.3 (Theorem II. 4p . Suppose that S > I and < £ < 1. Let Z = 

Zn-k.k{l +e) = D'^{l + X <C^. Then we have 

Proof. The proof will be the same as that of Theorem [8J] with the following modifi- 
cations. We again prove this by contradiction. Suppose e^""'" ''' (-D„_fc_fc(l, S')) < S 
and choose (5 > and H as before so that 

e^"-'^--MA.-fc,fc(l,5)) <5-<5 

and 

(t>H{Dn-k,k{'^, S)) n i:)„_fc,fc(l, S) = 0, SUpp0^ C Z„_fc,fc(l + £), 

and 

IliJIl <e^"-''-'=(D„_fc,fc(l,5))+(5<5. 



DISPLACEMENT OF POLYDISKS 



27 



Then we can syniplcctically embed 

A.-fc,fc(l, S) c 5^(1 + eT~'' X CP\X) =: X 

together with the image of Dn-k,k{^, S) by the isotopy i/)^, < t < 1, for some e' 
with < e < e' < 1 and sufficiently large A > 0. Then we consider the torus 

/ ^ -L- ' \ "^'^ 

C 5^(1 + e')""'' X B^''{kS) c 5^(1 + e')""''' x CP''(A). 

The torus L is also contained in _D„_fe,fe(l, S) because e' < 1. Note that L is one 
of the toric fiber in X = S'^(l + e')""'' x CP*"' (A). The rest of the proof is similar 
to one of Theorem 18. II So we omit it. □ 
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